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Problem 3.46

The Hamiltonian for a certain three-level system is represented by the matrix

1 00
H=aw |0 2 0
0 0 2

Two other observables, A and B, are represented by the matrices

01 0 2 0 0
A=x|1 00|, B=ul0 0 1],
00 2 010

where w, A, and p are positive real numbers.

(a) Find the eigenvalues and (normalized) eigenvectors of H, A, and B.

(b) Suppose the system starts out in the generic state

with |e1|? + |e2|? + |e3|? = 1. Find the expectation values (at t = 0) of H, A, and B.

(c) What is |S(t))? If you measured the energy of this state (at time t), what values might you
get, and what is the probability of each? Answer the same questions for observables A and
for B.

[TYPO: Remove this second instance of “for.”]

Solution

The Hamiltonian Matrix

The eigenvalue problem for the Hamiltonian operator H is the TISE.
H|s) = Els)

With respect to a certain basis, the given Hamiltonian matrix H represents the Hamiltonian
operator.

(H—El)|s)y=0 (1)
Since |s) can’t be the zero vector, the matrix in parentheses must be singular.
det(H—EIl) =0
hw—FE 0 0
0 2hw — E 0 =0
0 0 2hw — E
2hw — E 0
(o =E) | 2w — B "
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Evaluate the determinant and solve for the eigenvalues, the allowed energies.
(hw — E)(2hw — E)? =0
E = {hw,2hw}

Even though there are only two eigenvalues, H is hermitian (and normal as a result), so H is
diagonalizable and its eigenvectors form a basis for the three-dimensional space. Notice that H is
already diagonalized, with the eigenvalues along the main diagonal. Let E_ = iiw and E; = 2hw
and plug each of them into equation (1) to determine the associated eigenvectors.

(H—F Ds ) =0 (H—ED)s;) =0
0O 0 O s1 0 —hw 0 0 s1 0
0 hw 0| [s2]=10 00 0] [sa]=]0
0 0 hw S3 0 0 0O S3 0
hCL)SQ =0
—hws; =0
77,(,083 =0
=0
S§1 = 0
=0
Consequently,
S1 s1 1 51 0 0 0
|57> =1s ] = 0 =510 |5+> =|so] =1|s2| =s2|1]+s3]0
S3 0 0 S3 S3 1

The three basis vectors are then

1 0 0
sy =51 (0 and |[sy1) =s2 |1 and |[sq2) =s3|0].
0 0 1

For them to be physically relevant, they have to be normalized.

Therefore, the normalized eigenvectors of H are

1 0 0
sy =10 and [s11) =11 and |sy2) =10
0 0 1

Suppose that the system has the initial state vector,

c1
5(0)) = | e2

C3
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Then the expectation value of H at t =0 is

(&1 hw 0 0 (&1
(¢ & ¢5)H|c (¢ ¢ ¢5)| 0 2w 0 2
(S(0) | H|S(0)) cs 0 0 2w/ \es
= s so) - ot 1
c1 cic1 + c5ee + c3c3
(i & )| e
€3
hwcl
(i & ) | 2hwes
2hw03

le1]? + [eal + [es]?

cihwer + 2c5hwes + 2cihwes
1

= hw(cjc1 + 2¢5¢0 + 2¢3¢3)
= hw(\cl\Q + 2|62|2 + 2’63’2).

Now write the initial state vector as a linear combination of the normalized eigenvectors.

c1
|S(0)) = | c2 | = A1ls—) + Bilsy1) + Cilsy2)
cs
1 0 0
=A|10|+B1|1|+C1 (0
0 0 1
Ay
~- | B
Ch

As a result, A1 = ¢; and By = ¢ and Cy = ¢3, which means
|S(0)) = | c2 | = cils—) + cals41) + csls42).

In order to get the state vector at any later time ¢, multiply each term by the corresponding
wiggle factor.

IS(1)) = c1]s_)e Bt 1 o5 )e B+ o oyl p)e B/

1 0 0 Cle—iwt
=c |0 €7i(hw)t/h +co |1 e*i(2ﬁw)t/h +ec310 e*i(?hw)t/h _ 626_2iwt
0 0 1 Cge—int

The probability of measuring F_ = hw is |c1|?, and the probability of measuring Fy = 2hw is
|ca|* + [ea]*.
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Observable A

Solve the eigenvalue problem for the operator representing observable A now.
Alo) = ala)
With respect to a certain basis, the given matrix A represents the operator A.
(A —al)|a) =0 (2)

Since |a) can’t be the zero vector, the matrix in parentheses must be singular.

det(A —al) =0
—a A 0
A —a 0 =0
0 0 2\—a
—a A
(2X\ —a) N ol T 0

Evaluate the determinant and solve for the eigenvalues, the possible measurements of A.
(2X —a)(a® = 2\ =0
22X —a)(a+N)(a—A) =0
a={=\A\2\}

Let a- = —X and ap = A and a4 = 2.

www.stemjock.com



wod 3Pofura)s mmm

Plug each of them into equation (2) to determine the associated eigenvectors.

(A—a_l)]a_) (A —agl)|ag) =0

A A 0 a1 0 -\ A0 (65} 0
A A0 az | =10 A =X 0 az | =10
0 0 3Xx Qs 0 0 0 A Qs 0
Ao + Aag =0 -1+ Aag =0
3)\&3 = /\043 =0
a1 = 2

ag =10 ag =0

Consequently,

a1 a1 1 aq 9 1
|a_> =la|=|-a1|=a|—-1 \a0> =|la|=w|=a|l
a3 0 0 a3 0 0

For these eigenvectors to be physically relevant, they must be normalized.

(a1)® + (—a1)® +(0)* =1 (a2)* + (a2)* + (0)* =1

1 1
o =+— g =
Ve R
Therefore, the normalized eigenvectors of A are
o) = = 1) lag) = — 1) and
a)=—1[— an Q) = —= an
Va RRVCR

ay) =

(A—aql)|oag) =0

—2A A0 aq 0

A =2\ 0 (6 %) = 0

0 0 0 Qa3 0

=2 a1 + Aaz =0

Ao — 2 a9 =0

a1 = 0

as =0
o 0 0
lap) =] =10]=a3|0
a3 a3 1

(0)* + (0)* + (a5)* =1

043::|:1

o O
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If the system has the initial state vector,

c1
S0) = e |,
€3
then the expectation value of A at t =0 is
C1 0 )\ 0 C1
(cf & E)A|c (¢f & ) |A 0 0 2
(S(0)| A|S(0)) c3 0 0 2A cs
W= Tsorson - T datgarq
1 CiC1 + C5C2 + C3C3
(cf & &) |e
C3
)\CQ
(cik c c’g) Acy
. 2)\63
el +leaf? + esf?
_CiAca +caAer + 2¢3)¢es
B 1
= A(cjca + c3e1 + 2¢5¢3)
= Acleg + cer + 2es]?).
If A is measured at time ¢, the eigenvalues, a_ = —X and a9 = A and a1 = 2\, are the values that

you can get. To find the probabilities of getting them, start with the basic formula relating them
with the expectation value of A and use projection operators like so.

o SWIALS®) (S(t) | TAT|S(1))
D> anPlan) = (4) = SO0 . | [ ™
(CTelwt Czemwt C§622wt) 626:21'0.)1&
cse wwi

) <s<t> | (; \am><am|> A (Z \an><an> 's<t>>

B cicr + c3ea +cie3
22 1) ) (0| (Alen)) (o | S(0)
je1? + leaf* + |es]?

ZZ t) | ) (ol - (anlom)) (o | S(2))
1
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Continue the simplification.

S anPlan) = 32 3 an(S(0) L) ) o S()
=3 3 anl(0) | am)mnlan | S0)
= D onS(6) [ an)an | S(6)
= 3 tnfen] S0 | SO
=X anlian | SEDP

Consequently, the probabilities of measuring a_ = —X and ap = A and a4 = 2\ are respectively
2 2
Pla-) = [(a-[S(1))] P(ag) = [0 | S(1))]
. Clefiwt 2 . Clefiwt 2
=|—= (1 —1 0) | coe 2t =|—=(1 1 0)coe 2!
\/§ 6367210.:7& \/é 03672’”1‘/
1 . , 1 . ,
_ 5 ‘Clefzwt o 62672zwt‘2 i ’Clefzwt + 6267210.:7&‘2
1 . . . , 1 . . . ,
—_ §(C>{ezwt _ 03622wt)(016—zwt _ C26—2zwt) — §(C>{ezwt + CEGQZwt)(Cle_Wt + CQG_QZwt)
. . 1 . .
= i(cfcl — Ciege ™ — chere™t 4 chea) = i(cfcl + cfeae ™™+ chere™! + chea)
1 2 * —iwt * iwt 2 1 2 * —iwt * iwt 2
= 5(\01\ — cjege — che1e™t + |ea?) = 5(\01\ + cjege + 51t + |ea?)

[{ay [S())
Clefiwt
(O 0 1) coe 2wt
63672iwt
‘ 036721“t‘2

— (CEGint) (036—2iwt)
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Observable B

Solve the eigenvalue problem for the operator representing observable B now.

B|) = v|8)
With respect to a certain basis, the given matrix B represents the operator B.
(B—0l)[B)=0 3)
Since |3) can’t be the zero vector, the matrix in parentheses must be singular.
det(B—0l) =0
2u—b 0 0
0 b pul=0
0 uw —b

b pl_
(21— b) I _b—O

Evaluate the determinant and solve for the eigenvalues, the possible measurements of B.
(2u = b)(V* = p*) =0
Cu=b)b+p)(b—p) =0
b= {—p, 21}

Let b = —p and by = p and by = 2u.
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Plug each of them into equation (3) to determine the associated eigenvectors.

(B—b-_1|g-)=0 (B —bol)|Bo) =0
3u 0 0\ (A 0 w0 0\ (A 0
0 p p) \Bs 0 0 p —p) \Bs 0
3ub 20} pbi ZO}
pB2 + pupPs =0 —pB2 + pups =0
B1=0 } f1=0 }
fo = —f33 B3 = B2

Consequently,

b1 0 0 b1 0 0
B-) = (52) = (55) = 3 (1) |Bo) = (52) = (52) = By (1)
B3 B3 1 B3 B2 1

For these eigenvectors to be physically relevant, they must be normalized.

(0)* + (=B3)* + (B5)* =1 (0)* + (B2)* + (B2)* = 1
1 1

BSZZEE Bo=+—

Therefore, the normalized eigenvectors of B are

3

(B—b41)|Bs) =0

0 0 0\ /p 0
0 po—2p) \Bs 0

—2uPs + pfBs = 0}
pB2 —2pB3 =0

b1 Bi 1
By)=|B2| =10 |=p51[0].
B3 0 0

1 0 1 0 1
B-) = 7 (1) and  [Bo) = NG (i) and |B4) = (8) :
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If the system has the initial state vector,

c1
S0) = e |,
€3
then the expectation value of B at t =0 is
C1 2M 0 0 C1
) (i & &)B| e (¢ & )0 0 p 2
(5(0)| B|5(0)) c3 0 u 0/) \c3
(5(0)[5(0)) c1 clier + ciea + cies
(¢ & )| e
C3
2”01
(cr e o) | pes
. ue2
1] + |ea]? + |es |
_ 2cipcr + capcs + capcy
B 1
— j(2ier + ces + ches)
= p(2ler]* + ez + c3e).
If B is measured at time t, the eigenvalues, b_ = —p and bg = p and by = 2u, are the values that

you can get. To find the probabilities of getting them, start with the basic formula relating them
with the expectation value of B and use projection operators like so.

_ (S| B|S(t) (S(t) [ IBI|S( t)>
2. 5Pn) = B) = TSy
(CT ezwt cz 2zwt * 22wt — 2wt

—2iwt

_ <S(t) | (ij wm><ﬂm\> : (Z rﬂn><5n|) | 8<t>>

B cic1 + c3er + cies
le1]? + |e2]? + |es|?

1

www.stemjock.com



wod 3Pofura)s mmm

Continue the simplification.

Consequently, the probabilities of measuring b_— = —u and bg = p and by = 2u are respectively

P(b-) = [(B- |S(®)

—iwt
1 016—2‘ ¢
=|— (O -1 1) coe W
V2 cqe2ivt
1 —2iwt —2iwt |2
=3 ‘—cze + c3e |
1 * 24wt * 24wt
= 5(—026 + c3e”) (—cae
1 * * * *
5(0202 — C5C3 — CaCy + C5C3)

(le2® = ches — ciea + |es]?)

—2iwt +

pr

636—2iwt)

=22 S
=22 k(s
— :E:: b

£) | B ) (B | Bn) (Bn | S(2))

t) | Bim)Omn(Bn | S(2))

t) | Bn)(Bn | S(1))

- zbnm S0

P(bo)

2

1

= [{Bo | S(t))I?
—iwt 2
4}47(0 1 1) E;Z—int
V2 cqe2ivt
1 —2iwt —2iwt |2
B ‘626 + c3e !

1 . . L
- (Cze%wt + C§€2wt) (626 23wt +
= 5(0302 + c5es + czco + cacs)

=§Wﬁ+@%+%@+ﬁm

c3€

—2iwt)

P(by)

= [(B+15())
cire
= (1 0 O) coe€
c3e
— ‘018 iwt‘
(Cﬂlﬂeiwt) (Cle—iwt)
=cja
= |e1f?

—iwt
— 2wt
— 2wt
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